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We present a method for decomposing a wave field, described by a second-order ordinary differential
equation, into a radiative component and a nonradiative one, using a biorthonormal system related to the
problem under consideration. We show that it is possible to select a special system such that the wave
field is purely radiating. We discuss the differences and analogies with approaches which, unlike our
approach, start from the corresponding sources of the field.
DOI: 10.1103/PhysRevLett.87.060401 PACS numbers: 03.50.–z, 41.60.–m1. Introduction.—The identification of the radiative and
nonradiative parts of a field or source distribution has re-
ceived much attention recently. In the present paper we
have in mind the radiation produced by a charge-current
distribution. However, the considerations in this Letter ap-
ply to any linear inhomogeneous problem such as, e.g., the
transport and diffusion equation [1].
In [2] we considered the problems for the fields
produced by a source distribution while Marengo and
Ziolkowski [3] studied the corresponding problem for
sources. The problem arises in a natural way when one
wants to know the solution of the inverse problem of
determining the source distribution from the measured
field: could it be that different source distributions give
rise to the same observed field? Or formulated differently:
do source distributions exist which do not give rise to
observable fields, so that source distributions cannot be
reconstructed uniquely from the measured field data? We
will discuss this problem in the context of a scalar spheri-
cally symmetric source distribution which is confined to
a spherical region D. The generalization to more general
situations should be evident, albeit at the expense of more
complicated mathematics.
We focus our discussion on the fields generated by the
source distribution. We prefer this choice because nonra-
diating fields have been characterized by Kim and Wolf
[4] and Gamliel et al. [5] as those fields ur which vanish
outside D and which satisfy
uR  0 and ≠u≠rrR  0
on the boundary ≠D of D . (1)
The basic tool in our approach is a biorthonormal system
which is closely related to the problem: one component
is a set of inhomogeneous nonradiating modes satisfying
the boundary conditions (1) into which the nonradiating
component of the field can be expanded, while the other
component is a set of homogeneous modes which might
be useful for the identification of the radiative component.
In Section 2 we state the problem and introduce the in-
homogeneous modes along the lines of [2]. We identify the
nonradiative component as the projection of the field on the
space spanned by the inhomogeneous modes. The corre-0031-90070187(6)060401(4)$15.00sponding result is derived in Section 3. The basic result
of this section is that the apparently complete freedom of
the choice for the “arbitrary” charge distribution generat-
ing the inhomogeneous modes is not existent, and that this
charge distribution is, in fact, uniquely determined by the
physics of the problem. In an analogous way we identify in
Section 4 the radiative component as the projection of the
field on the space spanned by the homogeneous modes.
We show that this definition in spite of its attractiveness
leads to problems.
A related but basically different approach has been given
by Gamliel et al. [5] who construct nonradiative functions
from homogeneous modes. See also the papers by Berry
et al. [6] and Gbur et al. [7].
We consider a very simple situation: the equation de-
scribing the generation of waves is a second-order ordinary
differential equation. This seems an oversimplification, but
more general cases can be discussed along similar lines,
and only the mathematics becomes more involved. See the
recent paper by Marengo and Ziolkowski [8].
2. Formulation of the problem.—Our basic equation is
d2ur, k
dr2
1 k2ur,k  rtr (2)
with the boundary conditions u0, k  0 and the Sommer-
feld radiation condition dur,kdr 2 ikur, k ! 0 if r ! `.
This equation can be obtained (see, e.g., [2]) from
the Helmholtz equation with a spherically symmetric
source sr. We restrict ourselves to spherically sym-
metrical fields cr , k: (prior information) satisfying
=2 1 k2cr, k  sr. Using spherical coordinates




Identifying rcr, k  ur, k and rsr  rt r we ob-
tain (2). The boundary condition u0, k  0 is satisfied
because c0, k is finite while the Sommerfeld radiation
condition for cr, k entails that for ur, k. Let us first
make some remarks about the notation: for reasons which
become clear very soon it is expedient to denote explicitly
the dependence of ur, k on k. The subscript “t” at r
denotes that we deal with the “true” (physically present)
source distribution. This seems a superfluous remark, but
we will also have to deal with arbitrary source distributions© 2001 The American Physical Society 060401-1
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butions are confined to the same domain D: r # R. We
assume that there are no singularities like surface source
distributions.
It should be noted that sr, being the temporal Fourier
transform of a time dependent source distribution, depends
on k as well. For ease of notation we refrain from explicitly
giving the k dependence of sr and related quantities like
rtr and rar.
The solution of (2) satisfying the boundary conditions
is given by











rtr 0 sinkr 2 r 0dr 0. (3)
Nonradiating fields are characterized by uR, k 
dur, kdrrR  0. Applying these conditions to (3)
we find for the nonradiating field unrr, k:









rtr 0 sinkr 2 r 0dr 0, (4)









rtr 0 sinkr 0dr 0. (6)
It is clear that the condition Sk  0 can be satisfied only
for discrete values kn of k:
Skn  0 . (7)
We are now in a position to define a set of discrete inho-
mogeneous modes denoted by unr which satisfy
d2un
dr2
1 k2nunr  rar , (8)




rar 0 sinknr 0 dr 0  0 . (9)
Thus the functions unr satisfy the conditions (1) for a
nonradiating field. Here we draw attention to an essential
point in our study: for the characterization of the nonradi-
ating functions we need only the boundary conditions for
u and dudr on the boundary ≠D of D. We do not have
to use the physically present source distribution rtr; we
may use any source distribution rar provided this source
is confined to the same domain D as rtr.
The set of inhomogeneous modes has been shown by
Hilb [9] to be complete: all nonradiating fields can be ex-
panded in this set of unr. When rar is changed, the060401-2space spanned by the set unr also changes correspond-
ingly. So now we have many different complete sets unr
in which the nonradiating fields can be expanded.
We now define the nonradiative part of the field ur, k
as the projection of this field on the space spanned by






where ank can be found using the biorthonormal system




1 k2nyn  0 (11)





The numerical factor in front of sinknr ensures the
biorthonormality of un,yn:
RR
0 unrymr dr  dnm.




ur, kynrdr , (13)
where the first factor in the integrand, ur, k, expresses the
projection of ur, k. In the next sections we will discuss
various definitions for the radiative and nonradiative part
of a wave field. The great variety of un,yn opens the
possibility to choose a special one such that unrr, k has
a special property such as unrr, k  0. This will be the
case if ynr is chosen such that ank  0. This will be
discussed in Section 3.
3. Identification of the nonradiative component accord-
ing to [2].—The solution ur, k of (2) is given by (3)
in which the true source distribution rt r occurs. The
nonradiative part unrr, k of this function is defined by
(10) with ank given by (13). The radiative component of
ur, k is defined by
uradr,k  ur, k 2 unrr, k . (14)
Using (10) and (13) and using the biorthonormality of
un,yn we straightforwardly findZ R
0
uradr, kynrdr  0 (15)
with yn given by (12).
We will now show that (15) leads to the following re-
markable conclusion:
uradr,k :ra r for r , R . (16)
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a is an arbitrary complex number, not coinciding with
zeros kn of
RR
0 sinwrrar dr. The integral I can be ob-
tained using the calculus of residues:
Ia 
RR











In the limit W ! `, the integral I can also be obtained
from the asymptotic expressions for the factors of its inte-
grand. All we need is the following asymptotic expression:
Z R
0
sinwrfr dr  2coswR
w
fR 1 1 Ow21 ,
(19)



















dr  0 , (21)




rar for r , R , (22)
as may be shown by multiplying (21) by eiap , where p is
an arbitrary positive number and integrating over a from
2` to 1`.
We derived the result (22) in a different way in [2],
Eq. (48).
As rar is an arbitrary source, we see that the splitting
of ur, k in radiative and nonradiative parts is arbitrary
as well. So we have to pose additional conditions to en-
force uniqueness. In [2] we tacitly imposed the condition
ra  rt which misses a compelling physical motivation.
We now consider the question whether it is possible to
choose rar such that the physical source distribution
rtr is purely radiating, i.e., lacks a nonradiating part:
rnrr  0. As rnrr  Lunrr, k, where L is the op-
erator d2dr2 1 k2, we get the equation Lunrr, k  0
which together with the boundary conditions (1) leads to
unrr, k  0. So the radiative part of ur, k, uradr,k,
equals
uradr, k  ur, k 
uR, k
raR
rar for r , R ,
(23)
where we used (22) and the fact that unr r,k  0. Ap-
plying the operator L to (23) we find
060401-3rradr  rtr 
uR, k
raR
Lrar for r , R , (24)
which is a differential equation of the same form as (2) for







ur, k 1 uhr, k for r , R ,
(25)
where ur, k is the function in (3) and uhr, k is any
solution of the homogeneous equation Luhr, k  0.
We have to make sure, however, that uhr,k has to be








ur 0, kynr 0dr 0. (26)
Extracting ur, k from (25) and substituting into (26)
we get






uhr 0, kynr 0 dr 0. (27)
uhr,k has to be chosen such that unrr, k  0. From
(27) we see using the biorthonormality of un,yn that this
can be true only if
Z R
0
uhr 0,kynr 0dr 0  0 for every n . (28)
We will show that this can be true only if uhr, k  0.




uhr 0, k sinar 0dr 0  0 for almost every a ,
(29)
and hence
uhr,k  0 . (30)






ur, k . (31)
So the requirement that the physical source rtr has to be
purely radiating fixes the choice for rar. This has been
achieved by projecting ur, k on a suitable space, i.e., the
space spanned by the inhomogeneous modes belonging to
rra . As rtr is a general source distribution, we have
derived that any source distribution rt r can be made
purely radiating by a suitable choice for rar. In the next
section we will present another approach inspired by the
identification of unrr, k in Section 2. We will see that
this approach leads to unexpected complications.
4. Yet another identification of the radiative component
of the field.— In the preceding section we identified the
nonradiative part of the field ur, k as the projection of060401-3
VOLUME 87, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 6 AUGUST 2001ur ,k on the space spanned by the nonradiating modes.
In this section we take another, equally suggestive but less
compelling, standpoint by defining the radiative part of
ur,k as the projection of ur, k on the space spanned by
the homogeneous modes ynr. This is not so well justified
as the approach of the previous section which is based
on the rigorous boundary conditions for the nonradiating




bnkynr for r , R . (32)
Using the method of the previous section we findZ R
0
unr r,kun rdr  0 (33)
by using (14) and bnk 
RR
0 ur, kunrdr. By the
method of the previous section we find
unr r,k  0 . (34)
Therefore the field is purely radiating. We have, however,
to make sure that urad satisfies
Luradr, k  rtr . (35)
Substituting (32) we find, multiplying both sides of (35)








unr dr  0
for every n . (36)
So unr and consequently rar have to be chosen such
that (36) is true. The reservation expressed in the begin-
ning of this section becomes more visible now: the set of
equations (36) has only one solution, rar  0 (a proof
of this statement can be constructed using the technique
at the end of Section 3). This is an absurd result, because
we are unable to construct a biorthonormal set un, yn from
such a ra: unr would be identically zero. Notice that
unrr, k is identically zero, yet satisfies the boundary con-
ditions (1). So the approach of this section leads to a dead
end. We expect the approach of Section 3 to be the only
consistent one.
5. Discussion.—While many examples of nonradiating
sources have been mentioned in the literature (see, e.g.,
[4,5]), the decomposition of a wave field in a radiating and
a nonradiating part ([3]) is much more complicated. We
studied this problem using a biorthonormal system which
we already introduced in [2]. This system has been shown
to be exceptionally well tailored to the present problem.
Using this tool we have shown that the decomposition of
the wave field is nonunique as expressed by the presence
of an arbitrary source distribution rar in the results of
Section 3. Uniqueness of the reconstruction of the source
distribution can be enforced only by using prior informa-
tion (if available) or by imposing extra condition(s) like
minimal-energy solution ([3]). Based upon the rigorous
characterization of the nonradiating component of the wave
field we imposed in Section 3 the condition that a purely
radiating field does not couple to the nonradiating modes,060401-4which implies that the expansion coefficients (15) are all
zero. This condition then fully determines the arbitrary




uR,kur, k for r , R.
This conclusion is confirmed by the result of Section 4:
the physical requirements of the problem lead to the con-
clusion that the approach of Section 4 leads to a dead end.
Hence, although we expected quite some flexibility be-
cause of the arbitrary source ra, the physical properties
of the problem cannot be modified by formal manipula-
tions: the physics leads to unique results.
We will now compare our approach with the one by
Marengo and Ziolkowski [3]. They define a source distri-
bution rr to lack a nonradiating part if it is orthogonal
to any source distribution ranr r in D which gives rise to
a nonradiating field:Z R
0
rrranrr dr  0 . (37)
Translated in our notation,Z R
0
rrLunr dr  0 for every unr (38)
as Lunr is the charge distribution for the nonradiating
field unr. Equation (38) then leads toZ R
0
Lrrunrdr  0 , (39)
which can be satisfied only when
Lrr  0 . (40)
The proof can be given by replacing unr in (33) by Lrr
and following the subsequent reasoning.
The purely radiating source in our approach is given






not identically zero. So we conclude that the approach in
[3] differs from ours, the difference being due to different
definitions: Ref. [3] starts from source distributions, and
we start from the fields. Also, their sources differ from our
fields by an operator L.
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